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Abstract
A factor F of a graph is called a complete-factor if each component of F is complete. Let G
be a graph, F be a complete-factor of G with !(F)¿ 2 and f; g be two integer-valued functions
de2ned on V (G) with f(x)¿ g(x) for all x∈V (G). It is proved that if !(F) ≡ 0 (mod 2), or
f(V (G)) even and f(x) ≡ g(x) (mod 2) for all x∈V (G), and if G − V (C) has a (g; f)-factor
for each component C of F , then G has a (g; f)-factor. We show that the results in this paper
are best possible.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper, we consider 2nite undirected graphs that may have loops and multiple
edges. Let G be a graph. We denote by V (G) and E(G) the set of vertices and
the set of edges, respectively. For x∈V (G), we denote the degree of x in G by
dG(x). For a subset S of V (G), we denote by G − S the subgraph obtained from
G by deleting the vertices in S together with the edges incident to vertices in S.
If S and T are disjoint subsets of V (G), we denote by eG(S; T ) the number of edges
joining S and T . Let f and g be integer-valued functions de2ned on V (G), denoted by
f; g :V (G)→ Z . A (g; f)-factor of G is de2ned as a spanning subgraph F of G such
that g(x)6dF(x)6f(x) for each x∈V (G). And if f(x)=g(x) for all x∈V (G), then
F is called an f-factor; if f(x)=g(x)=r for all x∈V (G), then F is called an r-factor.
Let F be a set of graphs. If each component H of a factor F of G is isomorphic to
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some member of F, then F is called an F-factor of G. A {Kn|n¿ 1}-factor is called
a complete-factor.
We need some notations. If f :V (G) → Z is a function and X ⊆ V (G), we write
f(X )=
∑
u∈X f(u), and let f(∅)=0. In particular, dG(X )=
∑
u∈X dG(u). Let S and T
be disjoint subsets of V (G), F be an F-factor of G. Let U=V (G)−(S∪T ). We write
Sc =V (C)∩ S, Tc =V (C)∩ T and Uc =V (C)∩U for each component C of F-factor
F of G. We denote by hG(S; T ) the number of components H of G− (S∪T ) such that
g(x) = f(x) for all x∈V (H) and f(V (H)) + eG(V (H); T ) is odd (such components
are referred to as odd components of G − (S ∪ T ), simply, odd components), and by
h(V (C)) the number of odd components of G−(S∪T ) that contain no odd component
of G − (S ∪ T )− V (C).
The other terminologies and notations may be found in [1].
In [4], Katerinis proved the following Theorem A.
Theorem A. Let G be a graph of order at least two, and r be a positive integer. If
G − x has a 2r-factor for each x∈V (G), then G itself has a 2r-factor.
In [2], Egawa et al. proved Theorem B similar to Theorem A.
Theorem B. Let G be a graph of order at least three, and r be a positive integer.
If G−{x; y} has an r-factor for any pair of adjacent vertices x and y, then G itself
has an r-factor.
Moreover, Saito [6] proved the following theorem.
Theorem C (Saito [6]). Let G be a graph of order at least four, F be a 1-factor of
G, and r be a positive integer. If G − V (e) has an r-factor for each e∈E(F), then
G itself has an r-factor.
Enomoto and Tokuda [3] proved the following theorem and generalized Theorems
A and C.
Theorem D (Enomoto and Tokuda [3]). Let G be a graph, F be a complete-factor
of G with !(F)¿ 2, and f be an integer-valued function de8ned on V (G) with
f(V (G)) even. If G−V (C) has an f-factor for each component C of F , then G has
an f-factor.
In this paper, we extend the Theorem D to (g; f)-factors.
Theorem 1. Let G be a graph, F be a complete-factor of G with !(F)¿ 2. Let f
and g :V (G)→ Z be such that f(x)¿ g(x) and f(x) ≡ g(x) (mod 2) for all x∈V (G),
and f(V (G)) even. If G−V (C) has a (g; f)-factor for each component C of F , then
G has a (g; f)-factor.
Theorem 2. Let G be a graph, F be a complete-factor of G with !(F)¿ 2 and
!(F) ≡ 0 (mod 2). Let f and g :V (G) → Z be such that g(x)6f(x) for each
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x∈V (G). If G − V (C) has a (g; f)-factor for each component C of F , then G has
a (g; f)-factor.
We use the following lemmas in our proofs.
Lemma 1 (LovIasz [5]). Let G be a graph. Let f and g :V (G) → Z be such that
f(x)¿ g(x) for each x∈V (G). Then G contains a (g; f)-factor if and only if
G(S; T ) = f(S) + dG−S(T )− g(T )− hG(S; T )¿ 0
for all S; T ⊆ V (G), S ∩ T = ∅.
Lemma 2 (Tutte [7]). Let G be a graph, and f be an integer-valued functions de8ned
on V (G), then
f(S) + dG−S(T )− f(T )− h(S; T ) ≡ f(V (G)) (mod 2)
for all disjoint subsets S and T of V (G), where h(S; T ) is the number of components
H of G − (S ∪ T ) such that f(V (H)) + eG(V (H); T ) is odd.
2. Proof of Theorem 2
Proof. By Lemma 1, to prove the theorem we need only to show that
G(S; T ) = f(S) + dG−S(T )− g(T )− hG(S; T )¿ 0
for any disjoint S and T ⊆ V (G). Note that
d(G−V (C))−(S−V (C))(T − V (C))
=dG−V (C)(T − V (C))− eG−V (C)(T − V (C); S − V (C))
=dG(T − V (C))− eG(T − V (C); V (C))− eG(T − V (C); S − V (C))
=dG−S(T − V (C))− eG(T − V (C); Tc)− eG(T − V (C); Uc)
and
hG(S; T )− hG−V (C)(S − V (C); T − V (C))6 h(V (C))
for each component C of F . Hence,
06 G−V (C)(S − V (C); T − V (C))
6 G(S; T )− f(Sc)− dG−S(Tc) + g(Tc)− eG(T \ Tc; Tc)− eG(T \ Tc; Uc)
+ h(V (C))
= G(S; T )− f(Sc)− dG−S−U (Tc) + g(Tc) + h(V (C))− eG(T; Uc)
−eG(T \ Tc; Tc)− eG(Tc; U \ Uc):
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Therefore,
G(S; T )¿f(Sc) + dG−S−U (Tc)− g(Tc)− h(V (C)) + eG(T; Uc)
+ eG(T \ Tc; Tc) + eG(Tc; U \ Uc): (1)
The proof is divided into three cases.
Case 1: hG(S; T ) = 0.
Then h(V (C)) = 0 for each component C of F by the de2nition. Hence,
∑
c
G(S; T )¿
∑
c
(f(Sc) + dG−S−U (Tc)− g(Tc) + eG(T; Uc))
=f(S) + dG−S(T )− g(T )
=G(S; T );
that is, (!(F)− 1)G(S; T )¿ 0. Since !(F)¿ 2, we get G(S; T )¿ 0.
Case 2: hG(S; T ) = 1. This case is divided into two subcases.
Let H be an odd component of G − (S ∪ T ), and Hc = V (H) ∩ V (C) for each
component C of F . We use the following claim which had been proved in [3]. Note
that the de2nition of an odd component for f-factors and (g; f)-factors coincide and
that the following claim derived from [3] is applicable here.
Claim 1.1. eG(Tc; U \ Uc) + 1− h(V (C))¿ 0.
Subcase 2.1: There exists a component C′ of F such that h(V (C′)) = 0. by (1) and
Claim 1.1, we have
∑
c
G(S; T )
¿f(S) + dG−S(T )− g(T ) +
∑
c =c′
(eG(Tc; U \ Uc)− h(V (C)))
¿ G(S; T ) + 1−
∑
c =c′
1;
that is, (!(F) − 1)G(S; T )¿ − (!(F) − 1) + 1, hence, G(S; T )¿ − 1 + 1=(!(F) −
1)¿− 1. By integrity, we get G(S; T )¿ 0.
Subcase 2.2: h(V (C)) = 1, for all components C of F .
Here the following claim holds.
Claim 1.2. There is a component C of F such that eG(Tc; U \ Uc)¿ 1.
We prove Claim 1.2. We assume that eG(Tc; U \Uc)= 0 for all component C of F ,
then eG(V (H)− V (C); Tc) = 0 and
f(V (H)) =
∑
c
f(V (Hc)); eG(V (H); T ) =
∑
c
eG(V (Hc); Tc):
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Since H is an odd component of G−(S∪T ) but not an odd one of G−(S∪T )−V (C′)
for any component C′ of F , we have
f(V (H)) + eG(V (H); T ) =
∑
c
(f(V (Hc)) + eG(V (Hc); Tc)) ≡ 1 (mod 2) (2)
and
f(V (H)− V (C′)) + eG−V (C′)(V (H)− V (C′); T − V (C′))
=
∑
c =c′
(f(V (Hc)) + eG(V (Hc); Tc))
≡ 0 (mod 2):
Hence,
f(V (Hc′)) + eG(V (Hc′); Tc′) ≡ 1 (mod 2) (3)
for any component C′ of F . By (2) and (3), we get !(F) ≡ 1 (mod 2), a contradiction.
By Claim 1.2, there is a C′ of F such that eG(Tc′ ; U \Uc′)¿ 1= h(V (C′)), similar
to the proof of subcase 2.1, we can get G(S; T )¿ 0.
Case 3: hG(S; T )¿ 2.
By (1) and Claim 1.1, we have
∑
c
G(S; T )
¿f(S) + dG−S(T )− g(T ) +
∑
c
(eG(Tc; U \ Uc)− h(V (C)))
¿ G(S; T ) + hG(S; T )−
∑
c
1
¿ G(S; T ) + 2− !(F);
that is (!(F) − 1)G(S; T )¿ − (!(F) − 1) + 1. Hence, G(S; T )¿ − 1 +
1=(!(F)− 1)¿− 1. By integrity, we get G(S; T )¿ 0.
By Lemma 1 the theorem is proved.
3. Proof of Theorem 1
Proof. For all disjoint S and T of V (G), to show that
G(S; T ) = f(S) + dG−S(T )− g(T )− hG(S; T )¿ 0;
we divided the proof into three cases: hG(S; T ) = 0; hG(S; T ) = 1 and hG(S; T )¿ 2.
The proofs of hG(S; T ) = 0 and hG(S; T )¿ 2 are the same with the proof of
Theorem 2. Now we only need to prove the case of hG(S; T ) = 1.
The case of hG(S; T ) = 1 is also divided into two cases.
Let H be an odd component of G − (S ∪ T ).
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Case 1: There exists a component C of F such that h(V (C)) = 0. The proof is the
same as the proof of subcase 2.1 of Theorem 2.
Case 2: For all components C of F , h(V (C)) = 1.
This case is divided into two subcases.
Subcase 2.1: There is a component C′ of F such that eG(Tc′ ; U \ Uc′)¿ 1,
By (1) and the Claim 1.1 and eG(Tc′ ; U \ Uc′)¿ 1 = h(V (C′)), we have
∑
c
G(S; T )¿f(S) + dG−S(T )− g(T ) +
∑
c =c′
(eG(Tc; U \ Uc)− h(V (C)))
¿ G(S; T ) + 1− (!(F)− 1);
that is G(S; T )¿− 1 + 1=(!(F)− 1)¿− 1. By integrity, we get G(S; T )¿ 0.
Subcase 2.2: eG(Tc; U \ Uc) = 0 for all the components C of F .
Here the following claim holds.
Claim 2.1. G(S; T ) ≡ 0 (mod 2).
Since eG(Tc; U \Uc) = 0 for all components C of F , then eG(T \ Tc; Uc) = 0 for all
component C of F . Since H is an odd component of G−(S∪T ) but not an odd one of
G − (S ∪ T )− V (C) for any component C of F , hence (3) holds for any components
C of F . By (3), if f(V (Hc)) ≡ 0 (mod 2), then eG(V (Hc); Tc) ≡ 1 (mod 2) and
V (Hc) = ∅; if f(V (Hc)) ≡ 1 (mod 2), then V (Hc) = ∅. Hence, V (Hc) = ∅ for all
components C of F . Since C is complete and V (Hc) = ∅, we get V (Hc) = Uc for all
components C of F , hence V (H)=
⋃
c V (Hc)=U . Therefore, H is a unique connected
component of G − (S ∪ T ). By Lemma 2, we have,
G(S; T )
= (f(S) + dG−S(T )− f(T )− hG(S; T )) + f(T )− g(T )
≡ f(V (G)) + f(T )− g(T )
≡ 0 (mod 2):
By (1) and Claim 1.1, we have
∑
c
G(S; T )
¿f(S) + dG−S(T )− g(T ) +
∑
c
(eG(Tc; U \ Uc)− h(V (C)))
¿ G(S; T ) + 1−
∑
c
1;
that is (!(F) − 1)G(S; T )¿ 1 − !(F). Therefore, G(S; T )¿ − 1. Since
G(S; T ) ≡ 0 (mod 2) by Claim 2.1, we have G(S; T )¿ 0.
The theorem is proved by Lemma 1.
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Remark 1. The condition !(F) ≡ 0 (mod 2) in Theorem 2 cannot be substituted by
!(F) ≡ 1 (mod 2). If !(F) is odd, then Theorem 2 is not true. For example, let
G = (V; E) be a graph, where V = {xi: 16 i6 2n} (n¿ 3, and n ≡ 1 (mod 2));
E= {x1x3; x3x5; : : : ; x2n−1x1}∪{x1x2; x3x4; : : : ; x2n−1x2n}. Thus dG(x2i)=1; dG(x2i−1)=3
for 16 i6 n. Let f(x2i) = g(x2i) = 1; f(x2i−1) = g(x2i−1) = 2 for 16 i6 n, and
F={C1; C2; : : : ; Cn}, where Ci=x2i−1x2i ; 16 i6 n. Let S=∅ and T={x2i: 16 i6 n}.
Then U = V (G) − (S ∪ T ) = {x1; x3; : : : ; x2n−1} and G[U ] is an odd component of
G − (S ∪ T ). Therefore, hG(S; T ) = 1 and
G(S; T ) = f(S) + dG−S(T )− g(T )− hG(S; T ) = 0 + n− n− 1 =−1:
Hence, G has no (g; f)-factor. On the other hand, it is easy to see that G−V (Ci) has
a (g; f)-factor for each component Ci of F , 16 i6 n.
Remark 2. The condition f(V (G)) ≡ 0 (mod 2) in Theorem 1 cannot be substitued by
f(V (G)) ≡ 1 (mod 2). If f(V (G)) is odd, the Theorem 1 is not true by the example
in Remark 1.
Remark 3. The condition f(x) ≡ g(x) (mod 2) for all x∈V (G) in Theorem 1 can-
not be deleted. Otherwise, Theorem 1 is not true by the example in Remark 1 with
f(x2) = 2.
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